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Abstract: For arbitrary scalar QFTs in four dimensions, renormalisation group equa-
tions of quartic and cubic interactions, mass terms, as well as field anomalous dimensions
are computed at three-loop order in the MS scheme. Utilising pre-existing literature ex-
pressions for a specific model, loop integrals are avoided and templates for general theories
are obtained. As an example, the results are applied to compute all renormalisation group
equations in U(n)× U(n) scalar theories up to three-loop order.
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1 Introduction
The renormalisation group (RG) is a key instrument to connect and extrapolate physics
to different scales as well as to study critical phenomena. Hence, the computation of
renormalisation group equations (RGEs) is a most crucial issue in these kind of works,
requiring or at least desiring high accuracies. In spite of the advent of non-perturbative
methods, e.g. Wilsonian RG [1–4] or the gradient flow [5, 6], perturbative RGEs have stood
the test of time, due to being systematic and extensible expansions that are reliable in the
weak coupling regime.
In the MS renormalisation scheme [7], a general framework is in place that allows to
extract RGEs for any renormalisable QFT without the need to perform loop calculations
[8–10]. This has provided universal access to all RGEs up to two-loop level [8–14] as well
as complete three-loop gauge β functions [15–18].
Due to its general applicability, it is desirable to extend this framework to higher
loop levels. However, extensive calculations are required for this task, while the same
computations in specific models are often comparatively easy. Hence, it is not surprising
that higher corrections only exist for theories of special interest. For instance, 5-loop results
are available for simple gauge theories with fermions [19–22]. Furthermore, RGEs of scalar
O(n) theories have even been computed up to six loop orders [23–32]. All β functions in
the Standard Model (SM) are known up to three-loop order [16, 33–40] and even four-loop
in case of gauge couplings [41–43] as well as QCD corrections to the Higgs self-interactions
[44, 45]. In the Two-Higgs-Doublet Model (THDM), three-loop β functions have been
determined for a type-III gauge-Yukawa sector [46], as well as the scalar potential [47].
Foundations for advancing the general framework have been laid in [18], obtaining
Weyl consistency conditions on four-loop gauge and three-loop Yukawa β functions from
the two-loop scalar quartic one. However, no progress towards general three-loop quartic
β functions has been made, not even for pure scalar contributions, in spite of the multiloop
success of O(n) models.
In this work, we break the stagnation of the fully general framework by extracting
three-loop β functions and anomalous dimensions for an arbitrary scalar sector in the MS
scheme. In Sec. 2 we will briefly review formalisms and introduce notations. Sec. 3 will
detail our approach to extract RGEs, and we present general results in Sec. 4. We will apply
these expressions to compute RGEs for a scalar U(n)×U(n) matrix model, which has been
of special interest e.g. due to the walking regime [48–52] between its two complex fixed
points [53], as well as in models with weakly coupled asymptotic safety in pertubatively
exact settings [54–58] and extensions of the SM [59–61].
During the preparation of this manuscript, the work [62] has appeared with a similar
scope of obtaining three-loop RGEs, but using a different method and renormalisation
scheme.
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2 General Framework
Any perturbatively renormalisable QFT in four dimension can be embedded in the template
Lagrangian [8–10]
L =−
1
4
FµνA F
A
µν +
1
2
DµφaDµφa + iψ
†
jσ
µDµψj + Lgf + Lgh
−
1
2
(
Y ajk ψjεψkφa + Y
a∗
jk ψ
†
jεψ
†
kφa
)
−
1
4!
λabcd φaφbφcφd
−
1
2
[
mjk ψjεψk +m
∗
jk ψ
†
jεψ
†
k
]
−
m2ab
2!
φaφb −
habc
3!
φaφbφc ,
(2.1)
which is formulated in terms of fermionic Weyl components ψi, real scalar fields φa and a
generic gauge sector, including gauge-fixing and ghost terms Lgf + Lgh. Both scalar and
fermionic indices a, b, ... and i, j, ... run over all field species and components, generation
indices as well as gauge and flavour representations. All Yukawa couplings, scalar quartic
and cubic interactions as well as fermion and scalar masses can hence be embedded into the
respective tensor structures Y aij , λabcd, habc, mij and m
2
ab. In particular, these quantities
are chosen to be symmetric in all their scalar or fermionic indices, e.g. λabcd = λcabd.
Using a dimensional regularisation in d = 4−2ǫ and the modified minimal subtraction
scheme (MS) [7], a multiplicative renormalisation procedure is established in the bare action
(2.1) via
φ(bare)a 7→
[
Z
1/2
ab (µ) + (δZ)
1/2
ab
]
φb, g
(bare)
i 7→ µ
ǫρi [gi(µ) + δgi] . (2.2)
Here, µ labels the renormalisation scale. Similar substitutions for fermion and gauge fields
apply, introducing field strength renormalisation factors Z and their corresponding counter-
terms δZ. In the same manner, gi and δgi are place holders for all couplings and their
respective counter-terms. The numbers ρi are determined by keeping the corresponding
interaction operator d-dimensional after inserting the canonical dimensionality of the fields,
e.g. ρ = 2 for quartics and ρ = 1 for gauge and Yukawa interactions. In minimal subtraction
schemes, the counter-terms are independent of µ and can be expanded via
δZ1/2 =
∞∑
n=1
znǫ
−n, δgi =
∞∑
n=1
ci,nǫ
−n. (2.3)
The overall scale independence of bare couplings and fields thus leads to a relation of
the leading poles in the counter-terms to β functions and field anomalous dimensions γφ
[63, 64],
βgi =
∂gi
∂ lnµ
= −ǫ ρi gi − ρi ci,1 +
∑
j
ρj gj
∂ci,1
gj
,
γφ =
1
2
∂ lnZ
∂ lnµ
= −
∑
i
ρi gi
∂z1
∂gi
(2.4)
which describe the renormalisation group flow of the renormalised couplings with respect
to the scale µ. Using perturbation theory, these quantities can be obtained in a loop
expansion
βλ
∣∣
ǫ=0
=
∑
n=1
βλ,nℓ
(4π)2n
, γφ
∣∣
ǫ=0
=
∑
n=1
γφ,nℓ
(4π)2n
(2.5)
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K(1) K(2)
Figure 1. Non-vanishing three-loop diagrams with quartic interactions contributing to the wave
function renormalisation.
from the counter-terms of the same order. As those counter-terms of coupling constants
are determined by the simple poles of the external leg contributions and proper vertex
counter-terms, the n-loop order for each β-function contains two types of diagrams. There
are tree-level couplings contracted with n-loop anomalous dimensions, as well as n-loop
proper vertex corrections, but not a mix of those diagrams. For instance,
βλ,nℓabcd =
( ∑
perm.
γφ,nℓ · λ
)
abcd
+ V φ
4,nℓ
abcd . (2.6)
In comination with the general ansatz (2.1), all momentum integrals and spinor summations
can be resolved, and the RGEs (2.4) can be expressed in terms of contracted generalised
couplings. This provides a template to conveniently obtain RGEs for any renormalisable
QFT by using the embedding into (2.1), without the need of loop calculations. That
however comes at the cost of having to conduct an involved computation for the general
theory (2.1) once.
3 Three-loop scalar diagrams
In this section, we extend the state-of-the-art template RGEs by extracting the pure scalar
part of the field anomalous dimensions and quartic β-functions. To this end, we will assume
the QFT given by the Lagrangian
L =
1
2
∂µφa∂µφa −
1
4!
λabcd φaφbφcφd. (3.1)
General β functions for scalar masses and cubic interactions will be computed in the next
section. For all these RGEs, gauge and fermionic interactions are additive features and will
not invalidate the results, such that they can be computed separately.
Following (2.5) and (2.6), we will list all scalar three-loop diagrams relevant for the
computation of γφ,3ℓ and βλ,3ℓ. In particular, the fact that momentum integrals of the
shape
= 0
(3.2)
vanish in the MS scheme reduces the number of diagrams for the leg correction to 2, see
Fig. 1, as well as 8 vertex contributions, see Fig. 2.
The next step would be to compute the momentum integrals for these graphs as well
as lower order diagrams with counter-term insertions. However, we will employ a different
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T (1) T (2) T (3) T (4)
T (5) T (6) T (7) T (8)
Figure 2. Non-vanishing three-loop diagrams with quartic interactions contributing to the proper
vertex renormalisation.
strategy: we will reinterpret Fig. 1 and Fig. 2 as index contractions for the generalised
quartic couplings of (3.1) in the RGEs γφ,3ℓ and βλ,3ℓ (2.5) instead of diagrams. This
is possible because both momentum integrals and counter-term insertions only constitute
unknown prefactors κ1,2 and τ1..8 in the general ansatz
γφ,3ℓab =
2∑
i=1
κiK
(i)
ab ,
βλ,3ℓabcd =
2∑
i=1
κi
(
K(i)ae λebcd +K
(i)
be λaecd +K
(i)
ce λabed +K
(i)
de λabce
)
+
8∑
j=1
τj T
(j)
abcd ,
(3.3)
where we have introduced the contractions
K
(1)
ab = λacdeλbcfgλdefg, K
(2)
ab = λabcdλcefgλdefg,
T
(1)
abcd = λaefgλbehiλcfhjλdgij, T
(2)
abcd = λaefgλfghbλceijλijhd + 5 perm.,
T
(3)
abcd = λabefλefghλghijλijcd + 2 perm., T
(4)
abcd = λabefλegijλfhijλghcd + 2 perm.,
T
(5)
abcd = λabefλehijλhijgλfgcd + 2 perm., T
(6)
abcd = λabefλceghλghijλdfij + 5 perm.,
T
(7)
abcd = λabefλefghλegijλdhij + 5 perm., T
(8)
abcd = λabefλceghλfgijλdhij + 11 perm. ,
(3.4)
corresponding to the ones in Fig. 1 and Fig. 2. The permutations in (3.4) ensure the
overall symmetry of βλabcd and therefore λabcd. The number in front of ‘perm.’ accounts for
the exchanges of external indices that produce inequivalent expressions, e.g. λabefλefcd is
equivalent to λabefλefdc, but not to λacefλefbd. In [62], the same diagrams as in Fig. 2 have
been obtained, as well as the contractions T (1..8) in (3.4).
Here we point out that the 10 open parameters κi and τj may be fixed by comparing
the ansatz (3.3) against literature results that are available for specific models. Hence, this
approach allows to obtain the most general RGEs by extrapolation of pre-existing results,
without the need for explicit loop computations. This is possible because the number of
unknown prefactors is relatively small.
Suitable three-loop computations are available for the SM Higgs sector [36–39], scalar
O(n) theories [23–32], and the scalar potential of the Two-Higgs-Doublet-Model (THDM)
[47]. The results for the SM Higgs [36–39] do not provide enough data to fix all coefficients.
However, neglecting all other interactions, the complex doublet can actually be described
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by a O(4) real scalar. The general case of theories with n scalars and a O(n) symmetry is
given by the Lagrangian
L = 12∂µ
~φ · ∂µ~φ− 12m
2~φ · ~φ− 14λ
(
~φ · ~φ
)2
. (3.5)
The respective three-loop RGEs [23] can be matched against the ansatz (3.3), where each
power of n in the RGEs βλ,3ℓ/λ4, γm
2,3ℓ/λ3 and γφ,3ℓ/λ3 gives a seperate condition on the
κi and τj . Unfortunately, the data extracted by this ansatz is insufficient for resolving all
τi. Alternatively, we will select a subset of the THDM, featuring two vector-like, complex
doublet scalars Φ1,2. The quartic potential
V = 12λ1
(
Φ†1Φ1
)2
+ 12λ2
(
Φ†2Φ2
)2
+ λ3
(
Φ†1Φ1
) (
Φ†2Φ2
)
(3.6)
is protected by an U(2)Φ1 × U(2)Φ2 symmetry, where each scalar has its own subgroup.
This allows for the permutation Φ1 ↔ Φ2 and hence λ1 ↔ λ2. Translated into our own
notation, the three-loop β functions computed in [47]
β3ℓλ1,2 = 3[299 + 168ζ(3)]λ
4
1,2 + 102λ
2
1,2λ
2
3 − 78λ1λ2λ
2
3 + 4[107 + 48ζ(3)]λ1,2λ
3
3
+ 9λ22,1λ
2
3 + 192λ2,1λ
3
3 + 6[1 + 8ζ(3)]λ
4
3,
β3ℓλ3 = 2[49 + 12ζ(3)]λ
4
3 + 36[7 + 4ζ(3)](λ1 + λ2)λ
3
3 +
9
2 [29 + 48ζ(3)](λ
2
1 + λ
2
2)λ
2
3
+ 180λ1λ2λ
2
3 +
513
2 (λ
3
1 + λ
3
2)λ3
(3.7)
allow to extract the complete set of coefficients from (3.3) which yields the definite solution
κ1 = −1/16, κ2 = 0, τ1 = 12ζ(3), τ2 = −1/2, τ3 = 0,
τ4 = 1/2, τ5 = −3/8, τ6 = −1/2, τ7 = 0, τ8 = 2,
(3.8)
featuring the zeta function ζ(3) ≈ 1.202. We find that the contractions K2, T3 and T7 do
not give corrections to the RGEs. In fact, momentum integrals vanish for certain choices
of external momenta in those three diagrams. This eliminates their contributions in the
MS scheme, which is in accord with the calculation conducted in [23], where K2, T3 and
T7 have been neglected. Curiously, in O(n) models like (3.5), the fact that τ3 = 0 is the
reason why leading-n contributions n3λ4 are absent in β3ℓλ , see [23].
This procedure is extensible to higher loop orders. However, at four loops only O(n)
results as in (3.5) are available for matching [23–25]. This model has already proven
insufficient for the three-loop β functions, and higher orders will contain even more open
parameters. Regarding the four-loop field anomalous dimension γφ,4ℓ, [23] suggests that
only four contractions remain after filtering out vanishing loop diagrams. However, due to
redundancies in the matching conditions, the results in [23–25] are insufficient to extract
all open parameters in γφ,4ℓ.
4 Results
In summary, we obtain the general result for the purely scalar part of any three-loop scalar
field anomalous dimension
γφ,3ℓab = −
1
16λacdeλdefgλfgcb, (4.1)
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as well as the β function of the quartic interaction λabcd
βλ,3ℓabcd =
[
γφ,3ℓae λebcd + γ
φ,3ℓ
be λaecd + γ
φ,3ℓ
ce λabed + γ
φ,3ℓ
de λabce
]
+ 12ζ(3)λaefgλbehiλcfhjλdgij −
1
2 [λaefgλbfghλceijλdhij + 5 perm.]
+ 12 [λabefλegijλfhijλcdgh + 2 perm.]−
3
8 [λabefλehijλghijλcdfg + 2 perm.]
−
1
2 [λabefλceghλghijλdfij + 5 perm.] + 2 [λabefλceghλfgijλdhij + 11 perm.] .
(4.2)
Utilising the dummy field method [11, 12, 65], renormalisation group equations for the
scalar cubic couplings habc
βh,3ℓabc =
[
γφ,3ℓae hebc + γ
φ,3ℓ
be haec + γ
φ,3ℓ
ce habe
]
+ 12ζ(3)λadijλbeigλcfgjhdef
−
1
2 [λaefgλbdfgλceijhdij + 5 perm.] +
1
2 [λabefλegijλdfijhcdg + 2 perm.]
−
3
8 [λabdeλefijλfgijhcdg + 2 perm.]−
1
2 [λabdeλcefgλfgijhdij + 2 perm.]
−
1
2 [λadefλdeijλbgijhcfg + 2 perm.] + 2 [λabefλcdegλfgijhdij + 2 perm.]
+ 2 [λabefλfgijλcdijhdeg + 2 perm.] + 2 [λbdegλfgijλcdijhaef + 5 perm.] ,
(4.3)
and also mass terms m2ab
βm
2,3ℓ
ab =
[
γφ,3ℓae m
2
eb + γ
φ,3ℓ
be m
2
ae
]
+ 6ζ(3)λacdeλbcfghdeihfgi
−
1
2 [λaefgλbdfgheijhdij + λacfgλbcijhefgheij + λacdeλbfgihdeihcfg]
+ 12λceijλdfij
[
hacdhbef + λabcdm
2
ef
]
−
3
8λdfijλefij
[
hacdhbce + λabcdm
2
ce
]
−
1
2λfgij
[
λacfgλbdij m
2
cd +
1
2λabcdhcfghdij + λacghhbcdhdij + λbcghhacdhdij
]
+ 2λdefg
[
λacei(λbfgim
2
cd+hfgihbcd) + (
1
2λabcdhfgi+λafgihbcd)hcei + (a↔b)
]
(4.4)
of any scalar sector are determined. Once again, the abbreviations ‘p perm.’ denote p
swaps of external indices producing inequivalent expressions. Moreover, (4.1) is also a part
of the three-loop Yukawa β-function. The equations (4.1), (4.2), (4.3) and (4.4) represent
a partial result of the complete three-loop expressions for the general renormalisable QFT
(2.1).
Our results extracted from (3.7) have been cross-checked against literature expressions.
In O(n) theories (3.5), three-loop quartic mass and field anomalous dimensions [23–32] are
reproduced. Morover, three-loop RGEs for the full THDM scalar potential, featuring 10
real quartics and 4 mass parameters, are in agreement with [47].
Furthermore, completely new results can also be obtained using these expressions.
This is demonstrated by computing RG equations for a U(n) × U(n) scalar theory, with
the complex matrix field φab. The bare action is given by
L = tr
[
∂µφ
†∂µφ
]
−m2tr
[
φ†φ
]
− v tr
[
φ†φ
]
tr
[
φ†φ
]
− u tr
[
φ†φφ†φ
]
. (4.5)
In the large-n limit, two-loop results have been presented in [56], and can be extended
for finite-n using [8–12, 18]. For convenience, we introduce the ’t Hooft couplings of the
quartic sector
αu = nu/(4π)
2 and αv = n
2 v/(4π)2. (4.6)
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Using (4.1), the field anomalous dimension reads up to three-loop order
γφ = 2
[
1 + 1
n2
]
α2u +
8
n2
αuαv +
2
n2
[
1 + 1
n2
]
α2v
− 4
[
1 + 4n2
]
α3u −
6
n2
[
7 + 3n2
]
α2uαv −
12
n2
[
1 + 4n2
]
αuα
2
v −
2
n2
[
1 + 5n2 +
4
n4
]
α3v.
(4.7)
From (4.4), the mass anomalous dimension γm2 = m
−2 βm2
γm2 = 8αu + 4
[
1 + 1
n2
]
αv − 20
[
1 + 1
n2
]
α2u −
80
n2
αuαv −
20
n2
[
1 + 1
n2
]
α2v +
24
[
10+ 37n2
]
α3u + 12
[
1+ 199n2 +
82
n4
]
α2uαv +
72
n2
[
10+ 37n2
]
αuα
2
v +
12
n2
[
10+ 47n2 +
37
n4
]
α3v
(4.8)
is obtained. Finally, (4.2) yields β functions for the ’t Hooft couplings αu,v
βv = 12α
2
u + 16αuαv + 4
[
1 + 4n2
]
α2v − 96α
3
u − 40
[
1 + 415n2
]
α2uαv −
352
n2 αuα
2
v
−
24
n2
[
3 + 7
n2
]
α3v +
[
772 + 384ζ(3) + 1700+1536ζ(3)
n2
]
α4u
+ 96
[
5 + 425+12ζ(3)n2
]
α3uαv +
[
12 + 8835+144ζ(3)n2 + 36
291+224ζ(3)
n4
]
α2uα
2
v
+ 16n2
[
79 + 659+384ζ(3)n2
]
αuα
3
v +
4
n2
[
33 + 461+240ζ(3)n2 +
740+528ζ(3)
n4
]
α4v,
(4.9)
βu = 8α
2
u +
24
n2
αuαv − 24
[
1 + 5
n2
]
α3u −
352
n2
α2uαv −
8
n2
[
5 + 41
n2
]
αuα
2
v
+ 104
[
1 + 295+144ζ(3)13n2
]
α4u +
32
n2
[
91 + 48ζ(3) + 211+192ζ(3)n2
]
α3uαv
−
8
n2
[
35− 1591+1152ζ(3)n2
]
α2uα
2
v −
8
n2
[
13− 184+96ζ(3)n2 −
821+672ζ(3)
n4
]
αuα
3
v.
(4.10)
We are looking forward to independent computational verifications of the U(n) × U(n)
results (4.7)-(4.10) as well as the general RGEs (4.1)-(4.4).
In summary, we have shown how fully general RGEs can be extracted from expressions
obtained in much easier models. This represents an opportunity to break involved higher-
loop computations apart into smaller problems. In doing so, existing results can be reused.
We have explored this technique for purely scalar RGEs as far as possible, and obtained
novel three-loop results. Extracting general four-loop RGEs requires more input data. In
principle, the idea can be used to extract other terms and/or different RGEs, possibly
feeding off the data [35–40, 43], and potentially supplemented Weyl consistency conditions
[18]. Explorations into this direction are left for future work.
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